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Abstract 
Lopez, L. M., Alternating knots and non-Haken 3-manifolds, Topology and its Applications 48 
(1992) 117-146. 
It is proved in this paper that there is an infinity of knot types in S3, having essential closed 
embedded surfaces in their exteriors but yielding non-Haken manifolds by Dehn surgery for 
infinitely many surgery coefficients. 
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1. Introduction 
In the present paper we prove the following theorem: 
Theorem A. There exist alternating knots in S3 with the following properties: 
(1) they have closed embedded essential surfaces in their exteriors, 
(2) they yield non-Haken 3-manifolds by Dehn surgery for infinitely many 
coeficien ts. 
This paper is a part of my thesis [7], in a slightly extended version. 
We will work in the category of PL orientable manifolds, with continuous PL 
maps, unless otherwise specified. All submanifolds will be properly embedded in 
their ambient manifolds, unless dimensions are equal. For terminology see [4]. 
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We recall that our result is motivated by the following conjecture: 
Conjecture. Any closed irreducible non-Haken 3-manifold contains a knot without 
closed embedded essential surfaces in its exterior. 
By an embedded essential surface we mean a proper embedding of a compact 
orientable surface (S, as), where S is neither a disk nor a sphere, into a compact 
3-manifold (M, aM), which induces a monomorphism on fundamental groups and 
is not isotopic to an embedding of S into aM. If S is a disk we say that it is essential 
if CID does not bound a disk on aM, and if S is a sphere we say that it is essential 
if it does not bound a 3-ball in M. 
A natural way to attack this conjecture is to see what happens when the non-Haken 
3-manifold M is obtained by Dehn surgery along a knot in S3. The first candidate 
for being a knot satisfying this conjecture in this particular case is of course the 
core of the solid torus sewed back to S3 in order to obtain M. Theorem A tells us 
that this candidate does not always work. In fact it does when the knot is alternating 
and the surgery coefficient nonintegral, as follows from a variation of an argument 
by Menasco (see [7, Theorem 21 or [S, Theorem 41); this is why we chose to state 
Theorem A for alternating knots. 
Recall that [8, Theorem 41 states that a closed embedded essential surface in the 
exterior of an alternating knot, provided it satisfies a certain hypothesis, remains 
essential after any nontrivial Dehn surgery performed on the knot. 
Theorem A tells us that Menasco’s theorem is a “best possible result”, in the 
sense that if the hypothesis on the involved surface is weakened in an obvious way, 
the conclusion of the theorem fails for infinitely many surgery coefficients. 
I wish to thank the referee for all the valuable remarks and simplifications he 
pointed out to me. In particular using Kauffman’s theorem [5] (rather than the more 
complicated argument I formerly used), to prove that there are infinitely many knot 
types as in Theorem A was suggested by him. 
We are going to exhibit knots satisfying the conclusions of Theorem A by gluing 
pairs of tangles along their boundaries, so we will begin with some lemmas about 
tangles. 
2. Tangles 
Definitions. (1) A tangle is a pair (B’, &, u Se,) consisting of the 3-ball B3 and of 
two properly embedded arcs. 
(2) The boundary of a tangle is the 4-punctured sphere aB’- (&, u a,). 
(3) Recall that the interior of a manifold X is the manifold int(X) = X -ax. The 
space associated with a tangle is the compact manifold obtained by taking the closure 
in B3 of B3 - (U(sP,) u U(&)), where U(&$) is a regular neighbourhood of ti, for 
i-1,2. 
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(4) A noncontractible simple closed curve on dB3 - (U(a,) u U(&)), isotopic 
to some component of a[aB3 n a( U(zZI) u U(&))], will be called a meridian. 
We are going to build knots in S3 by gluing together tangles along their boundaries. 
So we fix some notation concerning such knots and the surfaces that can arise in 
their exteriors. 
Let H, and H,, be the spaces associated respectively with two tangles T, and Tb, 
and K a knot obtained by gluing these tangles along their boundaries. 
We think of H, and H,, as being embedded in S’ - K, in such a way that H, n U(K) 
and H,, n U(k) are contained in a U(K) and consist each of two annuli, for a suitable 
regular neighbourhood U(K) of K in S’. 
We put F = H, n H,, : it is a compact surface in the closure of S’- U(K). 
We are going to define a surface obtained by tubing on another surface. 
Let S’ be a compact surface in the closure of S3 - U(K), with boundary either 
empty or consisting of meridian curves on a U( K). 
We say, following [8], that S’ is pairwise-compressible if there exists an embedded 
annulus A whose interior is disjoint from S’ having one boundary component on 
S’, the other being a meridian curve on a U( K), such that A is not properly isotopic 
to an annulus on S’. S’ is said to be pairwise-incompressible if there is no such annulus. 
Now let S be a surface obtained in the following way: let S’ be a pairwise- 
compressible surface. We choose an embedding of a product A x [0, l] for an annulus 
A as in the above definition, in such a way that the two annuli aA x [0, l] lie on S 
for one component and on a U( K ) for the other. Put S = (S’ - aA x IO, l[) u A x (0, 1). 
Then we say of S’ that it has been obtained by tubing on S. 
We will say alternatively that S has been obtained by performing surgery on S’ 
along A. 
We are now ready to state the following key proposition: 
Proposition 1. Let T, and T,, two tangles satisfying: 
(1) the space associated to T,, H,, has compressible boundary, 
(2) there exist meridians m, and m,, on aH, and aH,, such that there is no essential 
disk in H, or Hb avoiding these meridians. 
Let K be a knot in S3 obtained by gluing T, and T,, along their boundaries. 
Then among the six surfaces obtained by tubing on F, there exists at least one of 
them which is incompressible in S’- K. Moreover this surface is compressible in any 
3-manifold resulting from an integral Dehn surgery along K. 
We need the following lemma: 
Lemma 2. Let m, and m,, be meridians satisfying statements (1) and (2) of Proposition 
1; then any essential disk in H, (respectively Hh) meets m, (respectively mh) at least 
twice. 
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Proof. Such an essential disk D cannot meet m, (or q,) only one time, for if it 
could, it would be then possible to get an essential disk avoiding rn, (or q) by 
taking two copies of D and gluing them along part of their boundaries (see Fig. 1). 
Proof of Proposition 1. Since the result of gluing the tangles is a knot complement, 
we see that m, and mb are isotopic, by an isotopy in one of dH, or dH,. Up to a 
change of notation, say it is aH, (see Fig. 2). 
We are going to build a surface as in the conclusion of Proposition 1 by tubing 
on F (Fig. 2): 
(1) fix two regular neighbourhoods of K : U, and Uo, Inner and Outer, satisfying 
U(K) c int( U,) c U, c int( Uo). Moreover for i = I, 0 ask that each of U, n F con- 
sists of four annuli. 
I 
, 
, 
, ___------__ 
‘\ 
‘-__ _________-------- 
Fig. 1 
Fig. 2. 
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(2) call A0 the component of H, n d U, having one boundary component isotopic 
to mh on F, and put F’= (F -int( Uo)) u A,. F’ is a compact orientable surface, 
with two boundary components on au(K). Hence F’ divides S3 -int( U(K)) into 
two (closed) components: call H’ the one containing H,,. 
(3) put A, = H’ n a U, and finally put S = (F’ - int( U,)) u A,. Then S is a genus- 
two closed surface. 
For convenience we perform an isotopy on m, in such a way that we may assume 
it is equal to a component of A, n F. We do the same for mb and the corresponding 
component of A,n F (see Fig. 2). 
Now S divides S3 into two (closed) connected components: the one containing 
U(K), denoted C,, and the other one, denoted C. 
We remark the following: 
l HL = the component of H, n CK containing m, is a regular neighbourhood of 
K, 
l H6 = Hb n C is a regular neighbourhood of H,,. 
The above is easily seen using the product structure between d Uo, 8 U, and a U( K). 
We remark further that because of our choice for m, and mb we have the inclusions: 
m, c HL and m,, c Hb. 
It is then obvious that if assumption (2) of Proposition 1 holds for H, and Hb, 
then the corresponding assumption for Hb and H6 holds too, and vice versa. We 
will refer to the latter as assumption (2’). 
Let us suppose that compressing disks for S exist in S3- U(K). 
Case 1: There is a compressing disk for S in C,. So choose one, D, in general 
position with respect to the components of ( UI - int( U(K))) n F containing dA,. 
These are the two annuli A; and Ai of Fig. 2. One of them, say Ai, has m, as one 
boundary component, its other boundary component being on a U( K). 
We may suppose that among all disks as above, D achieves the minimal number 
of components for D n (A: u A;). 
We contend that no component of the above intersection set can be a closed 
curve. Actually if this happened, we could choose an innermost curve, c, on A{ u A;; 
then either c would be isotopic to a component of a(Ai u A;), or it would bound 
a disk on Ai u AS. In the former case we would get a homotopy in S3 - K of a loop 
homologous to a meridian, to the trivial loop; this is impossible. In the latter case 
we would be able to replace D by another disk D’, obtained by replacing the disk 
bounded on D by c, by the one, d, bounded on A; u Ai by c. Then “pushing slightly” 
d off A; u A: would provide an isotopy minimizing the number of intersection 
components; and this is impossible too. 
So D n (A{ u A:) either consists of proper arcs or is empty. If it were empty 
D would avoid d(A{ u A;), and would have to lie in the closure of one of the two 
components of C, -(A: u A;). One of these closures is nothing but HL, and the 
other an embedding of a product A, x [0, 11, where dA, x [0, l] is sent to Ai u A;, 
A,x{O} to Al, and A,x{l} to a part of au(K). 
If D c A, x [0, 11, then because aD must avoid everything but A, x (0, l}, we get 
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that dDc A,. Hence dD bounds a disk on A,, because of the incompressibility of 
A, in the product space: this contradicts the fact that D is a compressing disk for 
S (recall that A,cS). So dDcdHh, and dD cannot be essential in dHh, for if it 
were, the fact that D avoids Ai u A;, hence m,, would contradict assumption (2’). 
So dD bounds a disk on dHh. Since dHb is the union of SnaHh and two annuli 
with boundary components isotopic to meridian curves, and whose interior does 
not meet S, hence dD, it follows that the disk must in fact lie on S n dHL . However 
if 8D bounds a disk on S it is impossible for D to be a compressing disk for S. 
Hence we have a contradiction here too. 
So we may assume from now on that D n (A: u A;) is not empty. 
Since CID = S and one component of dA{ (respectively aAi) lies on au(K), 
dD n (A{ u A;) must consist of d-parallel arcs on Ai, i = 1,2. Hence the closure of 
an outermost component D’ of D - D n (A; u A;) on D is a disk either in Hh or 
in A, x [0, I]. The set aD’n (A; u Ai) consists then of one arc, lying on one of the 
two annuli, say A;, and together with a subarc of aA; it bounds a disk d on A;. 
We can use d to move dD’ off int(A;) by an isotopy fixing dD’n S, which gives a 
disk D” avoiding Ai VA;. We undergo for D” exactly the same discussion as for 
D above, and conclude that dD” bounds a disk d’ on S. We use d’ and a product 
neighbourhood of S in CK to slide D along S, in order to eliminate at least one 
intersection component of 8D n aA:. We obtain a new disk D, with aD, isotopic 
to aD on S; however D, meets now A; along some inessential closed curves (as 
many as there were subarcs of aD meeting d’), so we undergo the modifications 
already explained above (replacement of disks in int(D,) by disks in int(Ai)), to 
finally obtain a disk D2 intersecting A{ u A; along proper arcs only, and such that 
aD2 = aD,. Looking now at aD2 n Ai tells us that D, meets A{ in fewer components 
than D did, and the same holds for A{ u Ai since we can assume that nothing has 
changed in a neighbourhood of A;. Recall that dD2 = dD, is isotopic on S to aD; 
this ensures that D2 is a compressing disk for S: this contradicts the minimality 
assumption made on D n (A; u A;). 
Hence if any compressing disk were to exist it would have to lie in the closure 
of the other component of S’- S; this leads to Case 2: 
Case 2: There is a compressing disk for S in C. There are two disjoint annuli A 
and A’ on F, such that each annulus has one boundary component on each of A0 
and A,, the component on A0 of aA, say, being mh (see Fig. 2). 
We choose now some compressing disk D, and look at D n (Au A’); again, after 
general position and classical isotopy arguments we may assume that D n (Au A’) 
is either empty or consists only of proper arcs on D. 
By choice of D we may assume here too minimality of intersections between D 
and Au A’. 
We now undergo the same discussion for D and Au A’, as was done for D and 
A; u A; in Case 1. 
Here too Au A’ divides C into two closed components: one of them is Hb, and 
the other one an embedding of A, x [0, 11, where A0 x (0) is sent to Ao, aA, x [0, 11 
to A u A’, and A0 x { 1) to a part of A,. 
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Now, using exactly the same argumentation as above (Case l), we get that 
D n (A u A’) must consist of a nonempty collection of proper arcs. 
Let us consider the closure D’ of an outermost component of D - D n (A u A’) 
on D: it cannot meet Au A’ along a a-parallel arc on A u A’, for if it were the case 
we could here again get a disk in HI, which would avoid mh, and thus obtain as in 
Case 1 a contradiction to the minimality of D n (Au A’). 
The only new possibility here is that aD’ can meet Au A’ along some spanning 
arc; that is to say: D’ is a d-compressing disk for Au A’. Since Au A’ is obviously 
&incompressible in A, x [0, 11, D’ must lie in Hb, meeting each component of 
d(A u A’) at one point (and hence would be necessarily essential); but one of these 
is mh, and this would contradict Lemma 2. 
The assumption of existence for D has led to a contradiction in both cases, hence 
S is incompressible in S’- K. 
We will achieve the proof of Proposition 1 if we show that S is compressible in 
any manifold obtained by integral Dehn surgery along K. Recall that Ha has a 
compressible boundary, and that Hb enjoys the same property; so let D be a 
compressing disk for 8HL. We assume here too general position with respect to 
Ai u A;, and choose a disk Do among the D such that the number of components 
of D,n (A: u A:) is minimal among all possible choices. Thus dDo lies for a part 
on S, for another part on a U(K), and finally for another part on A; u A;. Figure 
3 shows what D, looks like in a neighbourhood of A; in S3. 
We first remark that D, n (A; u A;) # (d. Indeed, if it were empty we would have 
a contradiction to assumption (2’). 
Next the arguments in the proof of S’s incompressibility above tell us that the 
intersection set cannot have &parallel components, for minimality reasons. This 
implies that the number of arcs of Ai n Do on Ai is equal to the number of points 
of Ai n Don U(K), and the same is true for A;. Now consider the annulus Af on 
au(K), cobounded by A; n U(K) and A; n U(K) and not parallel to A,. Since 
D, is minimal from the viewpoint of the number of intersections with A; u A:, we 
can conclude that on Ai, Al n D, consists of spanning arcs only. According to the 
beginning of this paragraph we can conclude that the numbers of arcs of A; n Do 
and of Ain D, are the same. 
We are going to build a planar surface with boundary L, from D,, by attaching 
rectangles to its boundary. This is suggested in Fig. 4(a). These rectangles are 
obtained as meridian disks for the solid torus bounded by the union of A,, A{, A;, 
and au(K) -A’, (see Figs. 2 and 4(b)). 
If Don A; (hence Don A; as we have seen above) consists of n simple arcs, it 
suffices to glue along part of aD,, n rectangles in such a way that each arc of 
a U( K) n Do lies in exactly one circle on a U( K). There is, up to meridional twists 
along U(K), only one way to perform this operation. 
As suggested in Fig. 4(a), L is planar. First we contend that L is orientable, this 
is because it is obtained by attaching orientable l-handles to D,: to see this notice 
first that attaching a nonorientable handle to a surface does not change the number 
of boundary components; then, since n handles are attached to a surface with one 
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Fig. 3. 
Fig. 4. 
boundary component, if one of them were a nonorientable one we would get at 
most n - 1 circles on a U(K), in contradiction with our construction. 
Now let us compute the genus of L: L has at least n + 1 boundary components, 
in fact n on au(K) and at least one on S. By the Mayer-Vietoris Theorem we get 
that x(L) = -n + 1. On the other hand x(L) = 2 - 2 genus(l) - B(L), where B(L) is 
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the number of components of aL. Since B(L) 3 n + 1 we get: 
hence genus(L) G 0, this implies: genus(L) = 0, and this implies in turn that B(L) = 
n + 1. The above arguments remain valid if we perform a certain number of 
meridional twists along K to the set of rectangles in Fig. 4(b). 
It is now obvious that a surgery performed along a curve belonging to dL n U(K) 
will give rise to a disk D’, by capping ofi the n boundary components of L lying 
on au(K) with meridian disks of the surgery solid torus. It remains to prove that 
the boundary of D’ cannot bound a disk on S. So suppose that such a disk D exists; 
then D is automatically in general position with respect to a(A; u A;) n S, since aD’ 
is (recall that D lies on S). 
We can consider a disk D’ on D, outermost among those generated by the 
intersection arcs of S with the boundaries of our annuli. The set aD’ is actually a 
union of two arcs: one on aA; n S, say, and the other one intersecting A; only at 
its two endpoints; this fact implies that the latter arc must lie in aD, (for if not, we 
have seen that its two endpoints would have to be on A{ and Ai, respectively). So 
D’ provides us with an isotopy allowing the elimination of two intersection arcs for 
D,n Ai, thus contradicting the minimality assumption in the choice of Do. q 
3. Examples 
The examples to follow will provide a proof of Theorem A. We begin with a lemma: 
Lemma 3. Let T be the tangle in Fig. 5. Then the pair of tangles (T,, T,,) with T, and 
Tb two copies of T comply with the assumptions of Proposition 1. 
Proof. 
Claim 1. The space associated to T is a handlebody. 
First think of the boundary of T as a cube (with four punctures), as in Figs. 5 
and 6. Perform now an isotopy to unlink &, from &, using the fact that the string 
formed by tying the two strings of the tangle with an arc y on the bottom face of 
the boundary of T, as shown in Fig. 6, is unknotted in the cube. This isotopy can 
be suggested as follows: 
(1) move the bottom of &, along y towards the bottom of &, 
(2) once the bottom of dQz has been reached move towards the top of &, 
(3) once the top of &, has been reached move towards the back face of the 
boundary of T, then down towards the bottom face, 
(4) once the bottom face has been reached perform one counterclockwise twist 
around y. 
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At this point we get a so-called “trivial tangle”; the space associated with it is a 
genus-2 handlebody, hence so is the space associated with T. 
Claim 2. Any essential disk in the space associated to T meets a certain meridian at 
least twice. 
The meridian is the one called m in Fig. 7 (see also [lo, Fig. 21). 
To see this we note that the space associated to T is equal to P, u P, with 
P, n P = F,. It is obvious in Fig. 7 that P, and P are handlebodies. 
Let D be an essential disk in P, u P, in general position and having a minimal 
number of intersection components with respect to Fl u m. We must have D n F, # 0, 
since the two disks-with-two-holes aP, - int( Fl) and aP - int( F,) are incompressible 
because of the incompressibility of F, [ 10, proposition 4.11. After general position 
and isotopies, intersections between D and F, will consist of proper arcs on D. Let 
us choose an outermost disk among those created by these arcs. It is a disk D’, 
which is essential either in P or in P,, and which meets Fl along a simple arc. In 
these conditions [ 10, lemma 4.51 tells us that D’ is not a disk in PI. Hence D’ c P 
Let us suppose that D’n m = 0; then dD’ is homotopic either to a meridian, or to 
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a product of two meridians not isotopic in P. However such curves do not bound 
any disk in P; indeed the two meridians we are speaking about are two generators 
of al(P), which is a free group of rank two. To finish the proof of Claim 2 it is 
sufficient now to remark that there exist at least two outermost disks created on D 
by D n F, . Hence D meets m at least twice. 0 
Beginning with this lemma it is easy to construct examples of alternating knots 
in S3, having essential surfaces in their exteriors but yielding non-Haken 3-manifolds 
by Dehn surgery for almost all integral surgery coefficients. 
One of these is the 8,7 knot from Alexander-Briggs’ table (see [ll]). This knot 
is rather famous, for it is the first noninvertible knot in this table (see [l] or [6]). 
This knot can be obtained by gluing two copies of T, say T, = T x {a} and T,, = 
T x {b}, along their boundaries, by the obvious map in Fig. 8. 
Projection C of 817 in Fig. 8 (which is that of [ 111) shows us that this knot is 
alternating. 
Instead of gluing in the obvious pattern of Fig. 8 we may do the following: we 
choose first a pair (t, t’) of simple closed oriented curves on the boundary of each 
tangle separating it into 2-punctured disks, and then glue T, to Tb after having 
performed respectively n and n’ (n, n’ E E) longitudinal twists along these curves 
(for an example see Fig. 9). The knot thus obtained will be called K,,.. 
We have the following lemma: 
Lemma 4. For any pair of curves (t, t’) as above, and of associated rational integers 
(n, n’) such that K,,,. is a prime knot: 
_ the only incompressible boundary-incompressible and pairwise-incompressible con- 
nected surface up to isotopy in the exterior of K ,,+’ is F, 
- any closed connected incompressible surface in the exterior of K,,. is isotopic 
either to a surface obtained by tubing on F, or to the boundary of a regular 
neighbourhood of K,,,. in S3. 
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Proof. We may think of the exterior of K n,nz in S3 as Ha u l? u Hb, where fi is 
homeomorphic to a product F x [0, 11, embedded in S3 in such a way that all twists 
occur in fi. We put Fi = Hi n fi, i = a, b, and identify F with F x {l/2} in I?. 
A 3-manifold is said to be irreducible if it does not contain any essential sphere. 
We will use implicitly all along this proof that the exterior of a knot in S3 is 
irreducible; this is a classical result of PL topology. 
Claim 0. F is incompressible, boundary-incompressible, and pairwise-incompressible in 
the exterior of K ,,“‘. 
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Proof. The incompressibility is a consequence of Lemma 3; actually assumption (2) 
of Proposition 1 contains it implicitly. As for pairwise-incompressibility we argue 
as follows: let A be an annulus in the exterior of K,,, in S’, actually achieving 
pairwise-compressibility. A is contained in the closure of one component of the 
complement of F in the exterior of the knot, say it is the one containing Ha. We 
perform an isotopy in such a way that A meets the product space between F, and 
F in an annulus. Now recall that T, is the tangle T of Lemma 3. Its associated 
tangle space, Ha, is actually a handlebody, and the isotopy suggested in the proof 
of Lemma 3 shows clearly that a pair of oriented meridians on F, nonhomologous 
(up to the orientation) in H,, generates the first homology group of Ha. Put 
m=AnF, and mK= A n a U(K ,,.,): m is the boundary component of A lying on 
F,, and rnK the one lying on dU(K). The simple curve m is homologous (by means 
of A) to mK, for an appropriate orientation on both curves. 
We recall some simple facts concerning homotopically nontrivial simple closed 
curves on F,. This space is homeomorphic to a sphere S2 from which the interiors 
of four disjoint disks have been extracted (sometimes called: a sphere-with-four- 
holes). It is obvious, say modulo Schoenfliess’ theorem, that a (nontrivial) simple 
closed curve in such a space must fall into one of the two following types: 
_ curves isotopic to a boundary component, 
_ curves dividing F, into two planar surfaces with three boundary components 
(e.g.: two disks-with-two-holes). 
A curve of the first type is said to have undejined slope, while one of the second 
type is said to have dejined slope. The motivation for this terminology will become 
clear in Claim 5, when we will recall further results concerning simple closed curves 
on spheres-with-four-holes. Notice that whether or not a curve has defined slope is 
independent of the curve itself, and actually depends only on its isotopy class. This 
can be seen easily as a consequence of general position arguments together with 
the classical fact that two disjoint isotopic simple closed curves on a surface cobound 
an annulus on this surface. In view of that, for a curve having defined slope we 
define its slope as the isotopy class of the curve. We state now a well-known theorem 
which will be used implicitly all along the remainder of the proof of Lemma 4: two 
nontrivial disjoint simple closed curves on a sphere-with-four-holes either have the 
same slope, or one of them has undefined slope. 
Now we come back to the proof of Claim 0. 
Because of the homology argument m must have undefined slope on F,, for 
otherwise, according to the above classification, m, hence mK, would be homologous 
to the homological sum or difference of two generators. In particular there is an 
annulus A’ embedded in F, cobounded by m and an appropriate component of 
F, n c~U(K,,,.). The union B = Au A’ becomes thus an annulus properly embedded 
in the exterior of K,,. in S3. Since K, nr is prime B has to be parallel in the exterior 
of K,,,, in S3 to an annulus embedded in aU(K,,,). Since B c Ha it is obvious that 
this parallelism induces one in H,, so actually we proved that F enjoys the properties 
stated in Claim 0 indifferently in the exterior of K n,nc, in Ha and in H,,. 
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The boundary-incompressibility of F follows from the fact that every connected, 
incompressible, pairwise-incompressible, boundary-compressible surface in a knot 
space is a boundary-parallel annulus with meridian boundary components. This 
proves Claim 0. 
Let S be an incompressible, boundary-incompressible, and pairwise-incompress- 
ible connected surface in the exterior of K n,ns. As just noted S cannot be an annulus. 
We put S in general position with respect to F, in such a way that the number 
of components of Sn F is minimal. Classical isotopy arguments using the incom- 
pressibility of F and irreducibility allow us to suppose that there exists no homotopi- 
tally trivial intersection curve among these. 
For any two intersecting surfaces in the exterior of K +, we will call meridian 
intersections those intersection curves for which there exists an annulus A such that: 
(1) A has the intersection curve as one boundary component, and the boundary 
of a meridian disk of U( K ,,..) as the other one, 
(2) int(A) does not meet any of the two surfaces. 
Claim 1. There exists no essential embedded annulus with meridian boundary in the 
exterior of K n,nr. 
Proof. The existence of such an annulus would show that K,,, is composite, in 
contradiction with the hypothesis. 
Claim 2. There is no meridian intersection of S with F. 
Proof. If S is closed this obviously holds, by pairwise-incompressibility of S. 
If S # 0 we argue as follows: since S is in general position with respect to F, we 
can suppose that S meets a product neighbourhood of F in product annuli. This 
product neighbourhood can clearly be assumed to be G. Suppose there is a meridian 
intersection of S with F; then it cannot be a component of aS (by general position), 
so by pairwise-incompressibility of S it cobounds with aS an annulus on S, parallel 
to aU( K,,,) by Claim 1. However such an annulus provides an isotopy, namely a 
“sliding” of this annulus along Jr/( K,,,,), which would eliminate at least one 
intersection of S with F, thus contradicting minimality. This proves Claim 2. 
Claim 3. S n H,, S n Hh and S n fi are d-incompressible towards F, u Fb. 
Proof. We discuss at the same time H, and H,,. As for fi we already know that 
S n fi consists of &incompressible annuli (cf. proof of Claim 2). 
Let D be a d-compressing disk for a component of S n H, (or Hh). We discuss 
now JD, according to whether dD meets one or two curves on F, and Fb (Figs. 
10(a) and (b)). 
c?D must meet only one curve because of the minimality of S n F, hence of 
S n dfi. So performing the compression towards the boundary along D gives rise 
to two meridian intersections on F, or F,,. If S is closed it is an impossible situation 
because of pairwise-incompressibility, and if S has boundary the minimality of 
Sn F is contradicted as in Claim 2. 
Non-Haken 3.manifolds 131 
0 0 
Fig. 10. 
c-e 
0 0 
This proves Claim 3. 
Let A be the annulus in H, of Fig. 1 l(a), having its boundary components 
respectively on a U(d,) and on aH, -a U(&,). The latter component is the union 
of two arcs: (Y = aA n a U(&) and p = the arc component of aA - int(a). 
Claim 4. If S n A is not empty,it must consist on A of a-parallel arcs with both endpoints 
either on int( p) or on int( a), the parallelism being towards either a or p, respectively. 
Moreover these two possibilities are mutually exclusive. 
Proof. After isotopies, in view of Claim 3 and of incompressibility, components (if 
any) of S n A must fall into the following four types (see Fig. 1 l(a)): 
l a-parallel arcs with both endpoints on int(P), the parallelism being towards (Y, 
Fig. 11. 
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l &parallel arcs with both endpoints on int(a), the parallelism being towards /I, 
l &parallel arcs with one endpoint on int(cY) and the other on int(P), 
l meridian intersections. 
We claim that the third type of arcs cannot exist. If such an arc existed, its 
endpoint lying on int(a) = a U(&) c aU(K,,.) would have to belong to as. If S is 
closed we are done, if not it would be possible to slide as along d U(&) towards 
F,. The resulting intersection arc of S with A would cobound with an arc on F, a 
a-compressing disk D (dashed in Fig. 11(a)) towards F,. Notice that if we perform 
this compression towards F, we increase by one the number of intersections between 
S and F, : namely we bring out of H, a meridian intersection. 
So executing this compression would create a new meridian intersection on F,, 
and decrease by one the number of intersections (Fig. 10(c)). Here we use again 
pairwise-incompressibility of S to assert that this intersection would have to cobound 
with as an annulus on S. As in Claim 2, we would be able to perform an isotopy 
which would reduce finally by one the number of components of Sn F,, hence of 
Sn F using the product structure. Hence arcs of the second type cannot exist. 
Now meridian intersections either cannot arise because of pairwise-incompressi- 
bility (case S closed), or can be eliminated using pairwise-incompressibility and 
Claim 1 (case S with boundary). 
That the remaining two cases are mutually exclusive is obvious: two curves 
belonging to different types have to intersect at least at two points on A (see Fig. 
II(a)). 
This proves Claim 4. 
Until Claim 5 we will mean by: simple closed curue on a surface, one which is 
not homotopically trivial. 
We have already recalled some qualitative facts concerning simple closed curves 
on a sphere-with-four-holes in the proof of Claim 0. We are going to state now 
quantitative results. Let us consider the plane lR2, and call L the set of integer lattice 
points. It is clear that L is invariant with respect to the action of the group G 
generated by the 180” rotations about the integer lattice points. The orbit space 
X = (R2 - L)/ G is then a 4-punctured sphere, and it is easy to see that any line in 
R2- L of rational slope will go down to a simple closed curve in X; the point here 
is that the converse is also true, in the following sense (see [3, 921): any simple 
closed curve of defined slope on X is isotopic to the quotient of some line in R2 - L, 
for exactly one rational slope in Qu l/O; moreover any two isotopic curves on X 
will be associated to the same element of Q u l/O. 
Henceforward we will refer to the slope of a curve in X by referring to its 
associated element in Q u l/O. 
We perform now the choices which will allow us to define the above correspon- 
dence for F, and F,,. Notice that actually we are not really allowed to define slopes 
directly on F, and Fh, since these are not 4-punctured spheres. However F, -aF, 
and Fb - aF,, are homeomorphic to 4-punctured spheres, and an easy general position 
argument can be applied to curves lying on F, (or Fb) in order to make them avoid 
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the boundary. So we will ignore this detail in the sequel, and speak of slopes on a 
sphere-with-four-holes as elements of KD u l/O without any more comment. 
Our aim is to provide a way to compute slopes directly on F, or Fb, without 
having to lift curves to R* - L. 
In the definition given in Lemma 3, the tangles T, and T,, are defined as two 
copies of a given tangle, so that H, and Hb, hence F, and Fb can be considered 
too as pairs of copies of a given model for each pair. Until Claim 5 it will be 
understood that any construction made on F, is simultaneously undergone for Fbr 
by the way of their common model. 
On F, we consider the arc called p in Claim 4, and the intersection, called also 
y, of F, with the arc called y in Lemma 3 (see Fig. 6). Now let c be a simple closed 
curve on F, having defined slope; we put it in genera1 position with respect to /3 u 7, 
and then in minimal intersection position. If we denote by y the number of points 
of c n /3, and by x the number of points of c n y, it is possible to define c’s slope’s 
absolute value by y/x. Notice that if C is a family of n curves isotopic to c, C’s 
slope’s absolute value can be defined under the same genera1 position assumptions 
as y’/x’ where y’ (respectively x’) is the number of points C n p (respectively C n y), 
and we find of course y’/x’= y/x. 
It is easy to identify aT, with X in such a way that the pair (y, p) goes to the 
pair of arcs (X, J), where the latter arcs arise from the projection to X of the x-axis 
and y-axis, respectively. One can verify that the way for computing slopes’ absolute 
values making use of intersection numbers with (X, j) just gives the same result as 
with the way using slopes of straight lines in [w* - L. 
Setting things in order to be able to compute signs would be cumbersome, and 
anyway we will not need to know the sign of a slope, so we will do all our 
computations with absolute values. 
Claim 5. (1) S n F, must faZZ in one of the following types: 
- the empty set, 
- a set of curves having the same slope as aF, n F,, 
- a set of curves having slope k6. 
(2) There exist two surfaces in H,, each intersecting aH, in just a curve, this lying 
on F, and having the slope described respectively in each of the last two cases. 
Proof. We perform surgery on aH, along A (cf. the definition of surgery (in our 
context) at the beginning of Section 2). The resulting surface bounds a handlebody 
Hh contained in H,. It can be easily seen that Hh is a regular neighbourhood of P, . 
On aHb we get a disk-with-two-holes F{ isotopic to F, in H,, formed by two 
copies of A, connected along parts of their boundaries by the disk on d iY(&,) 
resulting from the surgery along A. 
Pieces of intersection curves (if any) of S n c?H, are joined by arcs of Fi n S in 
the pattern described in Claim 4, thus giving the intersection curves of S with 
FL = closure in H, of (aH:-aU(&,)). 
Let Q be a product neighbourhood of A in H,. By transversality we can arrange 
for S n Q to consist of disks which are vertical with respect to the product structure. 
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Moreover we isotope y in a neighbourhood of d .!J(&) n F, in order that the new 
arc avoids the closure of a U(J&) - Q in Ha. There are essentially two ways for 
isotoping as above, and we choose one of them. In Fig. 11(c) the choice has been 
done in such a way that y meets “the front part” of Fi . 
In order to compute slopes we proceed to the following construction on FL: 
choose an arc on Fi , /3’, joining the two components of C? U(&i) n Fi , and another 
arc y’ obtained as explained below. First join by an arc a in F; - U(s&) the point 
y n F; to the only endpoint of /3’ to which it can be joined in this space, and put 
b = subarc of y joining y n Fi to y n a U(d,); finally put y’ = a u b. 
Keeping in mind the above, we think of Hh as a ball B3 of radius 1 in R3, from 
which the interior of a regular neighbourhood of two arcs has been extracted. The 
two arcs are embedded as shown in Fig. 12(a): four arcs of the type {x} x [l/2, l] 
in S2 x [l/2, 11~ B3, pairwise joined by two arcs in S2 x {l/2}. Figure 12(b) is Fig. 
12(a) with the level l/2 deleted and the arcs slightly isotoped. Only a part of 
a U(K,,,,) has been drawn. By comparing this picture with Figs. 11(a) and 12(a) 
one sees that Fig. 12(a) is indeed a picture of Hi. 
Fig. 12. 
We are going now to speak until the end of the proof of Claim 5 in words of the 
differentiable category. 
As in [3] we introduce the radius function on Sn Hh, in such a way that this 
function is a Morse function between the levels l/2 and 1. In order to define slopes 
on the level l/2 consistently with level 1 we choose on level l/2 two arcs p” and 
y”, respectively parallel to /3’ and -y’ in terms of the above product structure. 
At a critical level the slope cannot change unless it becomes undefined, so let us 
compute the slope of a curve on the level l/2. We look at Fig. 12: S must intersect 
the level l/2 in simple closed curves avoiding the indicated arcs, because the latter 
are part of K,,., but the result of,cutting the level surface along these arcs is an 
open annulus; since trivial intersections can be eliminated as usual using irreducibil- 
ity, any curve on this level must be isotopic to a core of this annulus. By transversality 
the intersection pattern does not change at levels l/2+ F for small s; so we may 
compute the slope at one of these levels, taking in account the above, and find that 
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it is +3/2 (computation made in Fig. 11(b); this figure can be seen as a front view 
of F: in Fig. 12). So either slopes at level 1 are equal to *3/2, or there is a level 1 
where any intersection curve either is trivial or has undefined slope. 
We argue first on the former possibility. Let us compute the resulting slope on 
F,. We denote by x the number of points of S n F, n y and by y the number of 
points of S n F, n /3. 
We denote by w the number of disk components of Sn Q. Let D be one such 
component. We observe that D is split by A into two vertical disks 0; and 0; in 
Q (see Fig. 11(c), aDi, i = 0, 1 are represented by bold lines). One of these disks, 
say DA, meets y’ in a single point while 0; misses y’ (see again Fig. 11(c)). Thus 
D does not meet y and Dbu 0; meets y’ in one point, hence x’= x-t w. 
As for p the situation is as follows: D meets p in two points while 0; and 0: 
each meet /?’ in one point, so y = 2w = y’. We deduce that y = y’ and using w = y’/2 
that x =x’- ~‘12. 
The slope’s absolute value y/x can now easily be calculated: y/x = y’/(x’- y’/2). 
Since x’= 2A and y’= 34 where A is the number of curves on level 1 we get 
We turn now to the case where there exists a level 1 between l/2 and 1 such that 
any intersection curve is either isotopic to a meridian intersection, or bounds a disk 
on this level. By incompressibility of S and irreducibility the latter can be eliminated. 
As for the former we use pairwise-incompressibility and argue as in Claims 2 and 
3 to finally obtain that the level 1 can be assumed not to intersect S. Notice that all 
isotopies performed in the above arguments essentially involve meridian curves, 
and so can be supposed to take place outside some neighbourhood of F, in Ha, 
because there are no meridian intersections of S with F, (by Claim 2). 
We look now at the annulus A’ in Ha, obtained as the product (dF, n F,) x [0, 11, 
for the product structure between levels I and 1. Actually dA’ has one boundary 
component on level 1 and the other on F,. As usual we isotope S in such a way 
that it intersects A’ in general position, and consider an annulus A& such that among 
all annuli in H, having a common boundary component on level 1, actually the 
same as A’, and intersecting S in general position, the number of intersection 
components is minimal. Because S does not intersect the level 1, these intersection 
components (if any) on AA must be either closed curves isotopic to a boundary 
component, or arcs parallel to the boundary. We claim that the latter cannot occur; 
indeed, suppose there is such an arc and take an outermost one, cA; then consider 
the disk D it cobounds with a subarc cF of aF, . According to Claim 3, S n Ha is 
&incompressible towards F,, hence there exists a disk D’ on S, with dD’ a union 
of two arcs c v cA, where c = S n F,. So we can replace D by D’ on Ah, and get a 
new annulus A:; notice that on level 1 nothing has changed. Moreover the two 
boundary curves of AA and A; on F, are isotopic; this is due to the fact that c u cF 
bounds a disk in Ha, namely D u D’, and thus must bound one on F, by incompressi- 
bility of the latter (Claim 0). We perform now an appropriate isotopy on A; in 
order to put it in general position with respect to S (namely: push D’ slightly off 
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S), and find out that Ai has one fewer intersection component with S than Ah: this 
is impossible because of minimality. So there are no proper arc components, and 
so S ndAA=O; since the components of 8Ah and of dF, on F,, respectively, are 
isotopic, we deduce that one of the first two possibilities listed in Claim 5(l) must 
take place. 
Part (2) is very easy to prove: for the case of curves parallel to dF, n F, just 
perform a tubing on F, using aCJ(&,). For the case of slopes +6 take two disks 
properly embedded under the level l/2, and glue to each of them a product annulus, 
using the product structure between levels l/2 and 1. Isotope the resulting surfaces 
near level 1 (= FL), in order that their boundaries intersect Fi in general position 
and in minimal intersection position. Construct two vertical disks in Q, and finally, 
glue back Q to Fi in order to recover Ha from Hb, taking care that the arcs on F; 
coincidate with the appropriate part of the two vertical disks’ boundaries. We 
compute now the slope with the formula given above: A = 2, so x = 1, y = 6 and the 
two curves in FL give rise to one curve in F,, with slope +6. 
This proves Claim 5. 
We are now ready to prove Lemma 4. 
Of course Claim 5 holds for Fb too, so we can deduce that the only possibilities 
for S are either that S n (F, u Fb) = 0, or that slopes of components of this latter 
set are such that for each of F, and Fb the intersection curves fit together under 
the identification. However the latter case cannot arise, since by the same Claim 5 
assertion (2) we know that there would exist some closed connected surface S, in 
s’- K,,, intersecting F, in one component; however each of the two components 
of S3 - S, would have to contain a subset of K n,nr, thus implying that K ,,+’ be a 
2-component link. 
Hence we may suppose that S n (F, u Fb) = 0, and hence that S is contained, say, 
in Ha. At this point we argue as follows: we glue to H, the tangle space Hb, by 
identifying F, and Fb in order to obtain the exterior of the particular knot Ko,o = 8i7, 
as in Fig. 8. We put F = F, = Fb in the resulting space. 
We contend that S remains incompressible, boundary-incompressible, and pair- 
wise-incompressible in the exterior of the above knot; this is a consequence of 
incompressibility, boundary-incompressibility, and pairwise-incompressibility of F 
in the exterior of 8i7, as we will see below. The latter is proved in [ 1,6] and others; 
Claim 0 provides a proof for this fact too. 
Now, suppose first that S has some compressing disk D in S’ - Ko,o; put D in 
general position with respect to F and look at innermost components of Dn F on 
D. It is easy to see that we will be able to replace them by disks on F, thanks to 
the incompressibility of the latter, and thus get a new disk D,; we continue this 
process, beginning with D, this time. It is obvious that we will eventually get a 
compressing disk for S in Ha, which is a contradiction. 
Suppose next that S is pairwise-compressible in S3 - Ko,o. As in Claim 0 we have 
an annulus A in the exterior of our knot, with one boundary component on S and 
the other on aLJ( K,&. We put A in general position with respect to F in such a 
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way that on dU(&J no curve of dF intersects dA, and study intersections: they 
all must consist of closed curves on A, since dA n F = 0. As we did above for the 
disk D, all inessential curves can be eliminated, so that the only remaining possibility 
is the existence of closed curves isotopic on A to a component of dA. Put m = dA n 
d U(&,,), and consider on A the component c of An F (if any) which is closest 
to m; it cobounds with m an annulus A’ lying either in H,, or in Ha. We use here 
the pairwise-incompressibility of F in these spaces to say that first c must have 
undefined slope on F, and in particular must cobound on F an annulus B with an 
appropriate component of aF, and second that it must be parallel to an annulus C 
lying on F u dlJ(K,,,). One consequence of this parallelism is that the closure of 
one of the two components of S3 - (A’u Bu C) is a solid torus T. Of course S 
cannot intersect T at A’ u B: because first S n F = 0 and B lies on F, and second 
S n A’ = 0 by definition of A’. If S intersects C it must do so at some component 
of as, but the fact that S n (A’ u B) = 0 implies that S would have to be a &parallel 
annulus, and this is impossible according to our assumptions on S. The conclusion 
of all this is that S n T = 0, and hence that we can use the parallelism of A’ towards 
a U( K,,,,,) in order to perform an isotopy eliminating one intersection component of 
An F, namely A’ n F, and thus get a new annulus A, intersecting F “less than” A. 
We can do this operation again and again, to finally get an annulus A, contained 
in Ha. Actually A, is a pairwise-compressing annulus for S in Ha, but our hypothesis 
is that S is pairwise-incompressible in the exterior of K,,,,, hence in Ha, so we 
have a contradiction. 
Hence S is incompressible and pairwise-incompressible in the exterior of K,,,,,. 
Since S is not an annulus it is also boundary-incompressible in the exterior of K,,,,. 
That F is, up to isotopy, the only incompressible, boundary-incompressible, 
pairwise-incompressible surface in the exterior of K,,, appears to be a result of 
Menasco, however we cannot give any published reference for a detailed proof. So 
we give here a proof using only results of this paper and of [8,9]. 
First we construct a punctured surface using the tools developed in [8]: this is 
Fig. 13(a). This figure shows a projection of K,,, on a sphere in S3 “viewed from 
above”, together with two simple closed curves on this plane (in dashed lines), each 
meeting the projection of K,,, in two points. In words of [8] each curve involves 
two punctures and two saddles. 
When viewing the plane from below we see two corresponding curves enjoying 
the same properties: each involves two punctures and two saddles. One can build 
a connected surface from these curves by capping them with four disks, two of them 
above the projection plane and the other two under this plane (one of them is 
represented by the shadowed region in Fig. 13(a)). 
We call this surface LE By construction .5P meets Ko,o in four points and hence 
has genus 0, by [8, Theorem 3(b)]; so 9-K 0,0 is a 4-punctured sphere. We 
concentrate now on Fig. 13(b). The sphere 9 divides S3 into two components, and 
Fig. 13(b) shows one of them C. 
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It appears that the two subarcs of K 0,0 lying in this component are arranged in 
such a way that they form together with C a triple isomorphic to the tangle T of 
Lemma 3. It is straightforward to verify that the two other subarcs are arranged in 
the other component of S3 - 5 in a way that gives rise also to a tangle isomorphic 
to T. Actually these two tangles are glued along their boundaries in the same pattern 
as T, is glued to Tb. 
So we can identify F and the intersection of 9 with the exterior of K,,o, for an 
appropriate regular neighbourhood of the latter. 
We have already deduced from Claim 5 that if an incompressible, boundary- 
incompressible, pairwise-incompressible surface existed in the exterior of K,,, it 
would be possible to isotope it to a surface avoiding F. So we need only to look 
for surfaces in one of H, or Hh, and by symmetry we need to do it only in Ha. 
When looking at the projection of K o,. of Fig. 13, and using results of [S] this 
reduces to examining which simple closed curves in the projection sphere avoiding 
those corresponding to F, can correspond to an incompressible, boundary- 
incompressible, pairwise-incompressible surface. In Fig. 13 we can assume that the 
intersection of Ha with the projection is formed by the union of the disk under the 
shadowed region and the disk bounded by the outermost dashed curve. The subarcs 
of Ko,o lying in each of these two disks are woven together in a rather simple pattern, 
(see Fig. 14) so we can proceed by inspection, using [8, Lemmas 1,2 and 3; 9, 
Lemma 31 to limit the number of cases to study. 
We include hereafter the details concerning this inspection. We assume as in [8] 
that the crossings of our knot’s projection lie on bubbles (see [8, Fig. 33). We have 
labelled the bubbles and the arcs of K,,, in the following way: 
- Figure 14(a): the center bubble has label 0, the top one label 1 and the bottom 
one label 2. The arc joining the top bubble to the middle bubble has label 1, the 
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one joining the bottom bubble to the middle bubble label 2, the one joining the left 
puncture to the middle bubble label 3 and the one joining the right puncture to the 
middle bubble label 4. 
- Figure 14(b): the bubbles common to those of Fig. 14(a) are labelled by the 
same number; the two others are labelled as follows: the left one 3 and the right 
one 4. The arc joining bubble 3 to a puncture has number 1, the lower arc joining 
bubble 3 to bubble 4 number 2, the arc joining bubble 4 to bubble 2 has number 
3, the arc joining bubble 3 to bubble 1 has number 4, the upper arc joining bubble 
3 to bubble 4 number 5 and the arc joining bubble 4 to a puncture has number 6. 
We consider now a surface S in the complement of K,,“. In [8,9] are listed a 
certain number of restrictions that can be applied to the intersection curves of an 
incompressible, boundary-incompressible, and pairwise-incompressible surface with 
the projection plane of an alternating knot or link. These are listed in [8, Lemmas 
1 and 2; 9, Lemma 31. In the remainder we will call the intersection curves Menasco 
circles. In order to facilitate the statement we adopt the folowing convention. 
To each intersection curve c, following Menasco we associate a word in the 
following way: begin anywhere on the curve and follow it; each time c meets Ko,o 
write Pi, i being the number of the arc just met by c, and each time c crosses a 
bubble write S,, j being the number of the bubble just visited. The first time we 
reach the chosen starting point we stop. For a surface the meeting of one of its 
circles with an arc results in a puncture, while the meeting of a bubble results in a 
disk, called a saddle [8]. The result is a word w(c) in the Pi and S,. The difference 
between Menasco’s definition and ours is that we have particularized each puncture 
and each saddle met by c. 
Notice that any circular permutation on the spelling of w(c) can be considered 
as associated to c: just change the starting point; the same holds for the symmetric 
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spelling: just read the word from the same starting point but running in the opposite 
direction. We will only consider words for the over-projection shown in Fig. 8 (cf. 
Fig. 14(a) and (b) too), that Menasco denotes by w+(c). 
We give five rules for drawing a Menasco circle c: 
(1) w(c) is not empty, 
(2) Si with a fixed i appears in w(c) at most once, 
(3) w(c) does not contain a subword P,S, or SjPi where the arc i is adjacent to 
the bubble j, 
(4) w(c) does not contain any subword PiPjP, where the arcs i, j, k are adjacent 
to the same bubble, 
(5) w(c) does not contain any subword PiPi. 
The surface S can always be isotoped in order to satisfy rules (l), (2) and (3); for 
the first two rules this is proved in [S, Lemma 11; for the third, fourth, and fifth 
ones this follows from [9, Lemma 31. We give here a last rule, which is one dealing 
with w(c) globally: 
(6) w(c) cannot be of the form Pi, . . . Piss,, . . . S,, for t> 0. 
If the Menasco circles comply with the rules (‘l)-(3) they automatically comply with 
rule (6): this is [8, Lemma 21, restated in our context. 
We are going to prove the following: 
Claim 6. A Menasco circle c drawn in Fig. 14(a) and satisfying the rules (l)-(6) above 
has the same associated words as those represented by the dashed curve bounding the 
disk where c lies. A Menasco circle c drawn in Fig. 14(b) and satisfying the rules 
(l)-(6) either has the same associated words as those represented by the dashed curve 
bounding the disk where c lies, or has associated word P,P,P,P,. In the latter case 
there is one surface with c as Menasco circle and the above word for w(c); this surface 
is a compressible 4-punctured sphere. 
Proof. Figure 14(a): Suppose that some Menasco circle exists there. Notice that 
the arcs divide the disk bounded by the dashed curve into four regions with disjoint 
interiors. A Menasco circle, say c, visits either the region limited by the arcs labelled 
1 and 3 or the one limited by 2 and 4. The contrary would contradict rule (1). 
Because of the symmetry we can assume that the region limited by the arcs labelled 
1 and 3 is visited. Now we begin there and follow c. Because of rule (5) and (3) c 
has to visit the two regions adjacent to the departure one. We follow c towards the 
“downwards region”. The two possibilities for w(c) are to begin by P3 or S,. 
Let us assume first that it begins with S,, then because of rules (2) and (3) the 
next letter must be S2. Because of the same rules the next letter must be now P4 
and the next to it either P, or S, (rules (5) and (3)). At this point we are in the 
departure region, and the subarc of c we have followed must close there. If it does 
not close then the next letter must be P3 because of rules (2), (3) and (5). Now the 
next to it must be P2 because rules (2), (3) and (5) forbid P3, SO and S,. However 
P2 is impossible since the arc of c joining saddles 0 and 2 separates arc 3 from arc 
2. So the only admissible words resulting from the above context are S,S,P,P, and 
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S&P&. However these words are, up to a circular permutation, in contradiction 
with rule (6). 
So let us assume next that w(c) begins with P3. The next letter must be S2 because 
if it were P2, then the third letter would be SO, Sz, P4, or P2 which are forbidden 
by rules (2), (4) and (5). After S2 we must have either SO or P4, because of rules 
(2) and (3). If it is SO the next letter must be S, (rules (2) and (3)); if it is P4 the 
next letter can be only S, or PI (rules (5) and (3)). In any case we are in the 
departure region and the arc has to close there, for if not we can argue as follows. 
If the first four letters are P3S2SoSI, then the fifth letter must be P3 (rules (2) and 
(3)), the sixth letter must be P2 (rules (2) and (5)), and a seventh letter is impossible 
(rules (2) and (5)), so c cannot be closed, a contradiction. If the first four letters 
are P,S,P,S,, then a fifth letter is impossible (rules (2), (3), (4), and (5)), so the 
curve must close. If the first four letters are P3S2P4S,, then the fifth letter must be 
S, or P3 (rules (2) and (3)). If it is So, then c must stop (rules (2) and (3)), 
contradicting c is closed. If it is P3, then the sixth letter must be P2 (rules (3) and 
(5)). A seventh letter is impossible (rules (3), (4), and (5)), so c must stop without 
closing and so we again get a contradiction. The resulting admissible words in the 
present case are: P,S,SoS,, P,S,P,P, and P,S,P,S,. The first two words have a 
spelling forbidden by rule (6) (up to circular permutation on w(c)‘s spelling), and 
the third one has a spelling equal to that of a word associated to the dashed curve, 
which was to be proved. 
Figure 14(b): Like in the case of Fig. 14(a) the arcs divide the disk bounded by 
the dashed line, here into five regions. Let c be a Menasco circle. 
We are first going to prove that c must visit the region bounded by the arcs 
labelled 1 and 4. So suppose this is not the case. Then c must at least visit the region 
bounded by the arcs 2 and 5. The contrary would only authorise the letters P3, S2, 
S, and P6, however P3 and S2 are impossible: a piece of c in the region bounded 
by the arcs 1, 5 and 3 can contribute to w(c) only for one of the following subwords: 
P,S,, S,P,, P,P, or S&, all of which are forbidden by rules (3), (5) and (2). Now 
P6 and S, are impossible by the same argument applied to the region bounded by 
the arcs 4, 2 and 6. 
So the region bounded by the arcs 5 and 2 must be visited. Let us follow w(c) 
towards the region bounded by the arcs 1, 5 and 3. If c enters this region by going 
through the arc 5 then we must have in w(c) the subword P,P,, any possibility 
involving S, or S, must be ruled out because of rule (3), and P2 is forbidden because 
of rule (5). So after P,P, we must have P3 or S,: Ps cannot fit because of rule (5), 
and S, and P, because c is supposed not to visit the region delimited by the arcs 
1 and 4. Now P3 is impossible because of rule (4), so we must have S,. After P,P,S, 
we can have S, or PG. 
However P6 is impossible for the following reasons: the arc cannot close up after 
P6 for if it did w(c) would be equal to P,P,S,P, which contains up to permutation 
a subword P6PZP5, and this is forbidden by rule (4). So the arc must go on, however 
the next letter can be only Pz or S3, and the latter has to be ruled out because after 
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S3 we can have only S, and c would intersect with itself, as for the former we must 
have Ps after it and w(c) contains a subword P6P2P5 here again. 
As for S, it implies the existence of another Menasco circle c’ visiting the region 
bounded by the arcs 2 and 5 and whose any associated word contains S,, however 
going towards bubble 3 gives us that the next letter must be S3, and c’ has to intersect 
with c which is impossible. 
We have an impossibility here, hence c must visit the region delimited by the 
arcs 1 and 4. We are going to follow c towards the region delimited by the arcs 4, 
2 and 6, that it must visit because of rules (2), (3) and (5): no SJ, or S3P, or P,P,. 
So w(c) contains either S, or Pd. Actually we prove that it must contain S, . Suppose 
not; then it contains P4, and we can write w(c) beginning with Pd. Thenext authorised 
letter can be P2, S4 or P6, the others being excluded by rules (3) or (5). In the case 
of P2 we have already seen that the next letter to it must be Ps (rules (3) and (5)), 
and this gives a subword P,P,P, in w(c), which is forbidden by rule (4). In the case 
of S, we consider another Menasco circle c’ which must have the letter S_, in its 
associated words, and follow it towards bubble 3; w(c’) contains a subword S& 
and we look for the next letter; it cannot be P4 or P2 because of rule (3), it cannot 
be S, because of rule (2), so it must be P6 or S, and then c’ must intersect c: this 
is impossible. 
So w(c) begins with P4P6. After P4P6 we can have P3 or S2, the other possibilities 
being forbidden by rules (3) and (5). If it is P3 we must have P, or S3 after it, the 
other possibilities being forbidden by rules (3), (4), and (5). If it is Sz we can have 
P, , S3, Ps or S, after it. We prove now that neither Ps nor S, can occur. 
In the case of P5 the next letter must be P2, but the arc stops there because S, 
and S, are forbidden by rule (3), P6 and P4 are forbidden by rule (4) and S, cannot 
happen by the hypothesis on w(c). 
In the case of S, there must exist another Menasco circle c’ visiting the region 
delimited by the arcs 3 and 6 and whose associated word contains S,. We follow 
C’ towards the same direction we chose for c. In these conditions the next letter in 
w(c’) after S, must be S, because of rules (3) and (2). After S&S, one has that c’ 
must stop by rules (2) and (3) and the fact that c’ cannot intersect c. 
Hence the two possibilities left at this point are P4P6S2 and P4P6P3. The next 
letter must be either P, or S3. And after that the subarc of c we are following either 
must close up, or go on again, and with P4 because of rules (2)-(5) and our 
assumption about S,. If it goes on it will have to spiral forever, as one can see by 
applying the arguments above to the new portion of c whose associated word begins 
with Pd. So it closes up and we get for w(c) the following possibilities: P,P&P,, 
P4P6S2S3, P4P6P3S3 and P4P6P3P1. Among these the first three are forbidden by 
rule (6), as for the fourth it implies that S is a 4-punctured sphere, compressible as 
one can see in Fig. 14(b). 
Actually we have proved that any Menasco circle corresponding to an incompress- 
ible, boundary-incompressible, pairwise-incompressible surface S in the two regions 
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shown in Fig. 14(a) and (b) must contain the letter S,. We are going to study the 
possibilities for such words, and for that adopt the following presentation: X+ Y 
will mean “X is followed by Y in w(c)“, We give the “tree” of possibilities and 
comment on each arrow. The explanations will be as simplified as possible, assuming 
that at this point the reader has been familiarized with the rules by the above 
discussions. 
After S, four letters are allowed: S3, Pz, S, and P6. 
We begin with S,: 
- Arrow a: rules (2) and (3). 
- Arrows b and c: rules (2) and (3), after P, it closes because if not the next 
letter would have to be P4 (rules (2) and (5)) but c cannot intersect with itself and 
so would be bounded to violate rule (5) or rule (2). 
_ Arrow d: rules (2) and (3). 
- Arrow e: we cannot have S, or S3 by rule (2), P4 to avoid self-intersections, S, 
by rule (2), P6 by rule (5). We now have an impossibility since the curve must stop 
by rules (2) and (5) and the requirement to avoid self-intersections. 
The second possibility is Pz: 
- Arrow a: rules (3) and (5). 
- Arrow b: rules (3), (4) and (5). 
- Arrows c and d: rules (2) and (3) with an impossibility at this point; at S, 
because there must exist another Menasco circle c’ visiting the region delimited by 
the arcs 2 and 5 and whose associated word contains S,, hence there is an intersection 
of c with c’, at P6 because after it we cannot have P2 hence P2Ps by rule (4), S, to 
avoid self-intersections, S, by rules (2) and (3), S4 by rule (3), P6 by rule (5). 
The third possibility is S4: 
y S3? 
close 
S, - s4 -L s2 -5 P, 
Y\ 
P5 p4 
144 L.M. Lopez 
- Arrow a: rules (2) and (3). 
- Arrows b, c and d: rules (2) and (3) with an impossibility after S, and Ps: S3 
because after it the arc must close by rules (2) and (3), however S1S4S2S3 is forbidden 
by rule (6); Ps because after it we must have Pz (rules (3) and (5)) and after P2 any 
letter is impossible: P6 to avoid self-intersections, P2 by rule (5), S3, S, and S, by 
rule (2), P4 by rule (4). 
- Arrows e and f: rules (S), (2) and (3), with an impossibility for the arrow e by 
rule (6). Now after P4 any letter is impossible: P4 by rule (5), S, and S3 by rule (3), 
P2 by rule (4), S, by rule (2), and P6 to avoid self-intersections. 
The fourth and last possibility is P6: 
P,--l-t P, 
)r s3 
\i 
PI 
- Arrows a and b: rules (3) and (5). 
_ Arrows c and d: rules (3) and (5), with an impossibility for S,: after it we 
cannot have S, or S3 (rule (2)), P4 or P, (rule (3)), so the arc closes up and we 
have w(c) = S,P,P,S, in contradiction with rule (6). After P, the arc can close up 
giving w(c) = S,P,P,P,, but this violates rule (6). 
- Arrow e: rules (5), (3) and (2). 
- Arrows f and g: rules (5), (3) and (4), with an impossibility after Sq: if S, were 
used then c would stop because of rules (2) and (3) and the need to avoid 
self-intersections. 
- Arrow h: rules (5) and (3), plus the necessity to avoid auto-intersections 
(subword S,P,P, in w(c)). 
- Arrows i and j: rules (3), (4), and (5). After S3 we have an impossibility because 
of the presence of c (subword P1P4): the arc can neither close up, nor continue (P, 
and P4 cannot happen by rule (3), and S3 by rule (2)). To see what can happen 
after P, we go to arrow e and follow the arc again: the result is that, in order to 
avoid self-intersections, the curve must spiral forever, so we have an impossibility 
here too. (In fact this case is also forbidden by [9, Lemma 3(b)].) 
_ Arrows k, 1, m and n: rules (2) and (3), with impossibilities after S,, S3 and 
Ps ; S,: there exists another Menasco circle c’ visiting the region delimited by the 
arcs 3 and 6 and such that w(c’) contains Sq, necessarily followed by S, (rules (2) 
and (3)), however after S2 there is nothing left to do: rules (2) and (3) forbid Sz, 
S, and P3 while the necessity to avoid c forbids anything else; S3: rule (2) forbids 
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S, and S,, rule (3), PI and P4, so the arc closes up and we have w(c) = S,P6S2S3, 
in violation of rule (6); Ps: necessarily followed by Pz as usual, next P4 and P6 are 
forbidden by rule (4), P2 by rule (S), S, by rule (2), and S3 and S, by rule (3). 
- Arrows o and p: rules (5), (3) and (2), with a possible word SIP&P, correspond- 
ing to the dashed curve. 
- Remaining arrows: we refer the reader to the above discussion: the argument 
is the same as after arrow e except for the following: that the letter S2 does not 
appear any more after P6 is due to rule (2), rather than to the necessity to avoid 
self-intersections (subword S,P,P, in w(c)). 
The conclusion of Claim 6 says that any curve supposed to be the intersection 
of an incompressible, boundary-incompressible and pairwise-incompressible surface 
with the projection sphere must be parallel to the boundary of the disk where it 
lies, running in a “saddle-puncture-saddle-puncture” pattern. This parallelism 
extends easily to one between the disks used to cap the curves. According to the 
above remarks this implies the unicity statement for F (up to isotopy) in Lemma 4. 
Summarizing we get the following results for an incompressible, boundary- 
incompressible surface S in the exterior of K n,nj: 
- if aS # 0 and consists of meridians and S is pairwise-incompressible, S must 
be isotopic to F, 
- if S is closed it must be pairwise-compressible. 
From the above, the first part of Lemma 4 is obvious; for the second part we just 
perform pairwise-compressions on any given closed incompressible surface, until 
we get a pairwise-incompressible one. 0 
Proof of Theorem A. If we take the curves labelled f and t’ in Fig. 9 for example, 
and choose twisting numbers n and n’ both greater than 0 or both equal to 0, we 
get a knot K,,,, whose projection C in this figure is alternating. That it is a prime 
knot follows by inspection on C, using [S, Theorem l(b)]. 
Notice that for an alternating K n,nr only the first part of Lemma 4 is needed, since 
theorems in [8] tell us then that any closed incompressible surface in the exterior 
of K,,i is isotopic to one obtained by tubing on F. 
Since the space associated to T, (respectively T,,) is a handlebody, there exist at 
most four ways of tubing on F in order to construct an incompressible surface. 
Proposition 1 asserts that there exists at least one isotopy class of embedded essential 
surfaces in the exterior of K n,ns: this proves assertion (1) of Theorem A. 
According to the same Proposition 1, an incompressible surface belonging to any 
such class is compressible in a manifold obtained by integral Dehn surgery along 
K,,,. 
Combining this with Lemma 4 allows us to say that no closed incompressible 
surface in this manifold can arise from one in S3 - K ,,ns. 
Now, Hatcher’s theorem [2] on finiteness for boundary curves of incompressible 
and &incompressible surfaces in a knot space allows us to conclude the following: 
for all but a finite number of surgery coefficients, no closed incompressible surface 
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can arise in the resulting manifold by capping off with disks the boundary of an 
incompressible surface in the exterior of K,,,,. 
Combining these provides a proof of assertion (2) of Theorem A. 
For the pair (f, t’) of curves of Fig. 9 an infinity of knot types arises as K,,,., 
when (n, n’) varies, n and n’ being both positive in order that K ,,n. be alternating. 
This can be seen easily by using a theorem by Kauffman [5]. This theorem states 
that the number of crossings in a projection of an alternating knot (provided the 
projection contains no trivial loops), is actually an invariant of the knot type. 0 
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